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Íåìîíîòîííûé õàðàêòåð ïðî÷íîñòè, îáúåìà àêòèâàöèè è ïàðàìåòðà ÷óâñòâèòåëüíîñòè
ìàòåðèàëà ê äàâëåíèþ â ñëó÷àå äîñòèæåíèÿ íàíîìàñøòàáíûõ ðàçìåðîâ çåðíà èíòåðïðåòèðóåòñÿ íà îñíîâàíèè “ïðàâèëà ñìåñè”, êîòîðîå îáû÷íî èñïîëüçóåòñÿ äëÿ êîìïîçèòîâ.
Âíóòðåííèå ó÷àñòêè çåðíà è åãî ãðàíèöà ðàññìàòðèâàþòñÿ êàê äâå íåçàâèñèìût “ôàçû” ñ
ðàçëè÷íûìè ìåõàíè÷åñêèìè ñâîéñòâàìè. Ìîäèôèêàöèÿ ïðîñòîãî ïðàâèëà ñìåñè ïóòåì âêëþ÷åíèÿ â íåãî êîíöåïöèé êîíòèíóàëüíîé òåîðèè ñìåñåé ïîçâîëÿåò ñãåíåðèðîâàòü ëàïëàñèàí
äåôîðìàöèè â ëîêàëüíîì óðàâíåíèè ñîñòîÿíèÿ äëÿ êàæäîé ôàçû. Ïðè ïîñòóëèðîâàíèè ïðîñòîé
îäíîìåðíîé êîíôèãóðàöèè íàíîïîëèêðèñòàëëà ðåøàåòñÿ ñîîòâåòñòâóþùàÿ êðàåâàÿ çàäà÷à,
÷òî ïîçâîëÿåò èíòåðïðåòèðîâàòü çàâèñèìîñòü îáùåãî ìîäóëÿ óïðóãîñòè îò ðàçìåðà çåðíà.

Êëþ÷åâûå ñëîâà: íàíîìåõàíèêà, íàíîïîëèêðèñòàëëû, ãðàäèåíòíûå ìàñøòàáíûå
ýôôåêòû.
Introduction. When the mechanical behavior needs to be addressed at the micron and
nano scale level, conventional models at the macroscale need to be revised in order to
consider the new processes and material states that emerge. It is very well known, for
example, that the slope of the conventional Hall–Petch (HP) equation for the yield stress as
a linear function of the inverse square root of the grain size, changes from positive to
negative. On phenomenological grounds this may be viewed as a “phase transition” that
occurs at a characteristic grain size at the range of ~ 10–20 nm, where about 30% of the
atoms of a nanopolycrystal are situated in the grain boundary space. In that range, a
plasticity transition mechanism occurs, as dislocation motion is inhibited in the grain
interior and promoted, instead, in the grain boundaries. The classical HP behavior is
attributed to the fact that “equilibrium” grain boundaries in conventional polycrystals act as
obstacles to the dislocation motion, whereas the inverse HP behavior (IHP) may be
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attributed to the fact that “non-equilibrium” grain boundaries in nanopolycrystals act as
facilitators to the dislocation motion within the grain boundary space [1]. A simple “rule of
mixtures” relationship for the “bulk” and “grain boundary” space resulted [2–4] to a single
non-monotonous equation for the yield stress vs. grain size containing both a hardening and
a softening branch.
In Section 1 an analogous procedure is applied to interpret the non-monotonous
behavior for the activation volume and the pressure sensitivity parameters of nanophase
materials, in agreement with available experimental data.
As shown earlier (e.g., [1]), the “rule of mixtures” argument can be extended to the
“continuum theory of mixtures” where both the “grain interior” and the “grain boundary”
phases are assumed to behave as their macroscopic counterparts, but they interact with an
internal volume force proportional to the relative motion of the two phases. It then turns out
that the local stress-strain constitutive equation should be generalized to include the
Laplacian of the strain field. This gradient-dependent constitutive equation is used in
Section 2 to obtain the variation of the overall “effective” elastic modulus with grain size,
for a typical unit cell of a nanopolycrystal and the same can be done for the hardening
modulus.
1. Activation Volume and the Pressure Sensitivity Parameter.
1.1. Non-Monotonous Behavior of Activation Volume. In conventional polycrystals,
grain boundaries act as obstacles to the motion of dislocations, often leading to the
formation of piles-up in front of grain boundaries. As a result, the yield or flow stress
increased with the decrease of grain size refinement down to around 20 nm, according to
the famous HP equation [5]. However, with further reduction of grain size, the pile-up
mechanism breaks down and is replaced by other dislocation processes, leading to grain
boundary rotation and grain boundary migration [6, 7]. As a result, the material softens
under further deformation, and below a critical grain size, an IHP behavior is observed.
Such type of IHP behavior has been described through a “rule of mixtures” argument [2–4],
as well as through a strain gradient plasticity model [8–10].
Recent nanoindenation tests on Ni–W alloy [11] showed that there is a rate dependence
of the hardness, i.e., the hardness increases with the increase of the strain rate, following a
monotonic linear trend. The strain rate sensitivity is commonly describe through the rate
sensitivity index (m)
3k T 3 3k B T
¶ ln s
m=
= *B =
,
(1)
&
¶ ln e
V s
V* H
where s and &e denote flow stress and strain rate respectively, and the apparent activation
volume V * is another physical parameter introduced to characterize the rate-dependent
strength or hardness (H = 3s according to Taylor’s rule), with k B and T denoting
Boltzmann constant and temperature, respectively. If then follows that
V * = 3k B T

¶ ln e&
¶ ln e&
= 3 3k B T
.
¶s
¶H

(2)

Next, we assume that the strain rate is the same in both grain boundary and grain
interior phases, while the total stress is determined by the mixture rule in its classical Voigt
form, i.e.,
(3)
s = (1- f )s gb + fs g .
In view of Eqs. (2) and (3), the following relationship for the total activation volume
V * may be written down, in term of the activation volumes of the grain interior (Vg* ) and
*
):
the grain boundary phase (Vgb
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è d ø

(4)

where the expression for the volume fraction ( f) of the grain interior phase is easily
deduced on the basis of a simple geometric configuration for a nanopolycrystal of grain
size d and grain boundary thickness d [2, 3].
Previous physical arguments for the activation volume in coarse grain metals (based
on the intersection mechanism of forest dislocations), give a large for it in the range of
(100–1000)b 3 , whereas for grain boundary sliding or grain boundary diffusion (coble
creep), the activation volume is estimated as b 3 . For cross slip process, the activation
volume may vary between b 3 and 100b 3 . Grain refinement in nanocrystalline copper
(nc-Cu) results in a rate sensitivity index increase up to an order of magnitude (relative to
metals with grain size in the micrometer regime), along with a concomitant decrease in
activation volume by two orders of magnitude. The effect of grain size (d) for nc-Cu and
twin thickness (l) for nt-Cu on the activation volume indicate a decrease from 1000b 3 to
about 10b 3 when d (or l) decreases from the micrometer to the nanometer level. Similar
tends were observed in other nanocrystalline materials [11, 12], where an unusual rate
behavior, as manifested through the activation volume parameter, was also reported. These
experiments showed that the activation volume first decreased with the refinement of grain
size, then increased with decreasing grain size. There was a clear minimum in the activation
volume existing near a critical grain size of 10–20 nm. This is reminiscent to the strength
transition mentioned earlier from HP to IHP behavior [1–3].
To proceed further we assume as in [1–3] that the grain boundary phase behaves as
*
amorphous material with its activation volume being constant (Vgb
= const), while the
activation volume for the grain interior follows a HP type equation; i.e., Vg*-1 =
= Vg¥-1 + k g d -1/ 2 , as has been observed [13, 14] for a wide range of metals with grain size
varying from the micron to submicron level. By incorporating the above arguments into
Eq. (4) we obtain the following relation for the activation volume of a nanopolycrystal
3
ö æ
æ d - d ö3æ
1
1
d- dö ö
- 1/ 2 ÷ ç æ
ç
÷ç
ç
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=
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+
g
ç
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øVgb
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ø è
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(5)

This relation provides a good fit to the non-monotonous behavior of the activation
volume V * vs. the grain size d, as observed experimentally (Fig. 1). To this end, we take

Vg¥ = 1000b 3 , Vgb = 30b 3 , and d= 2 nm, while the value of the parameter k g is to be
0.31.

1.2. Non-Monotonous Behavior of Pressure Sensitivity. The pressure dependence of
yield or flow stress for amorphous and nanophase materials, was been discussed in [15,
16]. It was shown, in particular, that a Mohr–Coulomb criterion can be used to model the
anisotropic yielding behavior of nanopolycrystals in tension and compression, as well as
the different orientation of shear bands that occur during these different types of loading.
This was done by adjusting the value of the friction or pressure sensitivity parameter; i.e.,
the scalar parameter multiplying the hydrostatic pressure term which is introduced to the
usual von Mises stress to modify the yield condition of conventional metal plasticity. More
recently, a non-monotonous behavior of the pressure sensitivity parameter of friction
coefficient (a) was documented experimentally [11], and also established through molecular
dynamics simulation [17]. It will be shown below that the simple “mixture rule” argument
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Fig. 1. The grain size–dependent activation volume (normalized by the cubed Burgers vector) of
nanocrystalline Ni–W alloys [11] fitted through Eq. (5).

used above to model the non-monotonous behavior of the activation volume, can also be
utilized to model the aforementioned non-monotonous dependence of a on grain size. The
nanopolycrystal is viewed, as before, as a composite containing both “grain boundary” and
“grain interior” phases. The overall Mohr–Coulomb friction coefficient (a) can then be
expressed as
æ d - d ö3
÷,
a = fa g + (1- f )a gb ,
f =ç
(6)
è d ø
where a g and a gb are the corresponding parameters for the grain interior and grain
boundary phases respectively. The volume fraction of the grain interior phase is expressed
as before in terms of the grain size (d) and the grain boundary thickness (d). The value of
a gb is taken as constant (a gb = 0.16), i.e., converges to that for amorphous metals when
the grain size is below 10 nm [11]. The value of a g is assumed to be determined by an HP
-1/ 2
type relation of the form a g = a¥
, where a¥
g +kg d
g is the Mohr–Coulomb coefficient
for a coarse grain material, which is taken to be equal to 0.02. Then the overall
Mohr–Coulomb friction coefficient (a) for the nanopolycrystal considered herein, reads
æ æ d - d ö3 ö
æ d - d ö3 ¥
÷÷
÷ ( a g + k g d -1/ 2 )+ç
a =ç
ç1-ç
÷a gb .
è d ø
è è d øø

(7)

By assuming the values of (a¥
g , a gb , d) as discussed above and assigning to k g the
value of 0.7 we can fit the experimental data of [11], as shown in Fig. 2.
2. Elastic Modulus. Nanoindentation tests [18] have demonstrated that the Young
modulus of nanocrystalline Fe – prepared by mechanical milling/alloying with variable
grain size (7, 14.6, 20.6, and 80 nm) obtained through annealing at different temperatures –
decreases with reduced grain size. This dependence of the Young modulus on grain size is
consistent with theoretical predictions [18], suggesting that the change in the Young (E) and
shear modulus (G) of nanocrystalline materials, free of porosity, with a grain size larger
than about 4 nm, should be very limited (<10%). It is likely that the reported large
decreases in the Young and shear moduli of nanocrystalline materials prepared by gascondensation/vacuum consolidation result from a relatively large volume fraction of pores.
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Fig. 2. Comparison of the mixture rule in Eq. (7) to the experimentally measured grain size
dependence of Mohr–Coulomb friction coefficient or pressure sensitivity parameter.

Topologically, a nanopolycrystal may be viewed as consisting of three superimposed
components: grain interior, grain boundary and triple junctions. Thus, the overall elastic
modulus X (X denotes E or G) of a nanopolycrystal, may be estimated through the
mixture rule [18] as
(8)
X = Vc ´ X c +Vgb ´ X gb +Vtj ´ X tj ,
where X c , X gb , and X tj denote elastic modulus for the grain interior, the grain
boundary, and the triple junctions, respectively. The corresponding volume fractions
denoted here by Vc , Vgb , and Vtj , can be calculated based on a three-dimensional
tetrakaidecahedral representation [19] of the nanopolycrystal as
Vgb =

3d( d - d ) 2
d3

,

æ d - d ö3
÷,
Vc =ç
è d ø

Vtj = 1-Vgb -Vc .

(9)

If the grain boundary thickness is assumed to be 0.5 nm, a good fit of Eq. (8) to the
experimental data is obtained [18]. The mixture model can further predict a decrease by
20% in E or G when the grain size reduced down to 1.5 nm [18].
When a nanopolycrystal is viewed as a mixture of interacting phases [1] made up by
grain interior and grain boundaries, the following local gradient constitutive equations
results
t = k i ( g )- c i Ñg 2 = t¥ ,
(10)
for each one of the phases (see Fig. 1 for a representative 1D configuration). The quantity
g is the shear strain, k i ( g ) with i= 1, 2 denote the homogeneous hardening/softening
moduli, c i with i= 1, 2 denote the gradient coefficient, and t¥ is the applied shear stress
experienced by the representative unit cell shown in Fig. 3. If we assume linear elastic
behavior, i.e., the solution of Eq. (10) gives
gg =

é yù
é yù
t¥
+C1 coshê ú+C 2 sinhê ú,
Gg
ë lg û
ë lg û

g gb =
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t¥
+C 3 coshê
Ggb
ë lgb

é y
ù
ú+C 4 sinhê
ë lgb
û

ù
ú, (11)
û
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Fig. 3. The illustration of the boundary value problem for the unit cell configuration of a
nanopolycrystal under shear.

where C1 , ... , C 4 are integration constants and lg , lgb are the internal length scales for
the grain interior and grain boundary, i.e.,
lg =

cg
Gg

,

lgb =

c gb
Ggb

.

(12)

The constants C1 , ... , C 4 are determined by the following matching (continuity at the
interface) and boundary conditions:
ìg g = g gb
ïdg
dg
ï g = gb
dy
ï dy
ïdg
í gb
ï dy = 0
ï
¥
ïg = t
g
ï
Gg
î

at

y = d 2,

at

y = d 2,

at

y = 0,

at

y = d + d 2.

(13)

Then, C1 , ... , C 4 are given by the following expressions:
é d ù éæ d
ö ù
lg (Gg - Ggb )t¥ sinhê
úsinhêç + d ÷ lg ú
ø û
ë 2lgb û ëè 2
C1 =
é d ù éd
é d ù
éd ù
lgb Gg Ggb coshê
úsinhê
úcoshê ú+ lg Gg Ggb sinhê
ë 2lgb û ë lg
ë 2lgb û
ë lg û

ù
ú
û

éæ d
ö ù é d ù
lg (Gg - Ggb )t¥ coshêç + d ÷ lg úsinhê
ú
ø û ë 2lgb û
ëè 2
C 2 =é d ù
éd ù
é d ù éd
lgb Gg Ggb coshê
úcoshê ú+ lg Gg Ggb sinhê
úsinhê
ë 2lgb û
ë lg û
ë 2lgb û ë lg
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ù
ú
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(14a)

,

(14b)
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éd ù é d ù
lgb (Gg - Ggb )t¥ coshê úcschê
ú
ë lg û ë 2lgb û
C 3 =éd ù é d ù
éd
lgb Gg Ggb coshê úcothê
ú+ lg Gg Ggb sinhê
ë lg û ë 2lgb û
ë lg

ù
ú
û

,

C 4 = 0.

(14c)

(14d)

The average strain for the unit cell of Fig. 3 is calculated as
G=

1
d +d

d +d/ 2
æd / 2
ö
ç g dy+
g g dy÷
ò
ò
gb
ç
÷.
2è 0
ø
d/ 2

(15)

The first term gives
é
ù
ê
ú
2
d/ 2
lgb
(Ggb - Gg )
ú
¥ê d
ò g gb dy = t ê 2G +
ú,
ö
æ
æ
ö
gb
d
d
0
ê
÷+ l G G tanhç ÷ú
lgb Gg Ggb cothç
ç
÷ g g gb
ç l ÷ú
ê
è 2lgb ø
è g øû
ë

(16)

whereas the second term gives
é
æ d ö
æ ö ù
÷ coshç d ÷ ú
ê
2lg2 (Gg - Ggb )sinh 2ç
çl ÷
ç 2l ÷
d +d/ 2
ê d
è gø
ègø ú
.
ò g g dy = t¥êG +
öú
æ
æ ö
d/ 2
ê g l G G tanhç d ÷+ l G G cothç d ÷ú
g g gb
ç 2l ÷ú
ç l ÷ gb g gb
ê
è gb øû
ègø
ë

(17)

Thus, the overall or “effective” modulus (Geff ) for the representative macroscopic unit
cell can be calculated in a similar form as in [10] giving
Geff =

t¥
1
=
,
ù
G é f gb
fg
1
+
+
(Q g +Q gb )ú
ê
û
ëGgb Gg d + d 2

(18)

where f g = d ( d + 0.5d ) and f gb = 0.5d ( d + 0.5d ) are the fraction of the grain phase and
grain boundary phase, while Q g and Q gb are the gradient contribution to the effective
modulus, given by
æ ö
æ d ö
÷ coshç d ÷
2lg2 (Gg - Ggb )sinh 2ç
çl ÷
ç 2l ÷
ègø
è gø
Qg =
,
(19a)
æ d ö
æd ö
÷
÷
ç
ç
lg Gg Ggb tanhç ÷+ lgb Gg Ggb cothç
÷
è 2lgb ø
è lg ø
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2
lgb
(Ggb - Gg )

Q gb =
lg Gg Ggb

æd
tanhç
çl
èg

ö
æ
÷+ l G G cothç d
gb
g
gb
÷
ç 2l
ø
è gb

.
ö
÷
÷
ø

(19b)

It is noted that the gradient contribution to the effective modulus disappears
(Q g = Q gb = 0) when the modulus of the grain boundary phase is the same with the grain
interior phase (Gg = Ggb ).
The above model can be used to capture the grain size dependence of the effective
elastic modulus for Fe. To this end, we assume d= 1 nm, Ggb = 0.75Gg as inferred from
atomistic simulations [20]; lg = 2 nm and lgb = 0.75 nm. The predicted normalized shear
modulus Geff Gg as a function of the grain size, is depicted in Fig. 4a. From this figure, it
can be concluded that the elastic modulus may decrease up to 10%, when the grain size is
reduced to below 5 nm. Such drop is not as large as that reported earlier [21], where a
decrease of about 54% for nanocrystalline Pd with a grain size of 5 nm and of about 40%
for nanocrystalline Cu with a grain size of 25 nm, was reported. Such large reductions of
elastic moduli are supposed to result from the processing methods (gas-condensation/
vacuum consolidation) inducing a relatively large volume fraction of pores [18]. The
reduction effect of porosity on the elastic modulus was also confirmed through molecular
dynamics (MD) simulations [22]. It was shown, for example, that a 12.5% porosity gives a
reduction of 35–40% in the Young modulus.

a

b

Fig. 4. Comparison of the strain gradient model predictions for the grain size dependence of elastic
modulus to the experimental data: (a) nanocrystalline Fe [18] and (b) nanocrystalline Cu [22].

The elastic moduli resulting from the MD simulations of [22] show that for
nanocrystalline Cu with grain sizes of 3.28, 4.13, 5.21, 6.56 and 13.2 nm, the corresponding
Young modulus is obtained as 60, 74, 75, 84, and 98 GPa. It should be noted that these MD
simulations underestimate the elastic modulus due to the fact that some plastic deformation
occurs (in an initial linear regime of 0.3% strain which cannot be avoided). These particular
MD results for nc-Cu can also be derived by adopting the above discussed strain gradient
model by properly adjusting the internal length parameters. The grain boundary thickness is
again assumed to be d= 1nm, while the internal lengths for the grain interior and the grain
boundary phases are assumed to be lg = 1 nm and lgb = 0.25 nm, respectively. By also
assuming that the elastic modulus for the grain boundary phase is about 25% of that for the
grain interior phase (i.e., Ggb Gg = 0.27) we can obtain a good fit of the strain gradient
model to the simulation results, as shown in Fig. 4b. In this connection, it is noted from the
164
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above simulations, that when the grain size is approaching the internal length scale of the
grain interior (2 nm for nanocrystalline Fe, 1 nm for nanocrystalline Cu), there is a reverse
trend of the elastic modulus, which increases with further decrease of the grain size. In
order to illustrate this non-monotonous behavior, we keep the parameters, Ggb Gg = 0.5,
d= 1 nm, lgb = 1 nm as constants, while we vary the internal length scale for the grain
interior lg as 1, 5, 10, 20, 100, and 1000 nm. The resulting grain size dependence of the
elastic modulus is shown as the solid curves in Fig. 5. It is seen that the effective elastic
modulus first decreases with the decrease of grain size, then increases with the continued
decrease of grain size. Such non-monotonous behavior emerges when the internal length
scale for the grain interior is large, as compared to the grain size itself. Such inversed grain
size dependence for the elastic modulus has also been observed in cellular solids where the
internal length scale is of the order of the cell size [23]. Furthermore, if the internal length
scale for the grain boundary phase is changed to be lgb = 0.5 nm, the obtained results are
shown as the dashed curves in Fig. 5, i.e., we find that the effective elastic modulus is
reduced as compared to the case where lgb = 1 nm. This is to be expected since the elastic
modulus contribution from the strain gradient is reduced when lgb is reduced according to
Eq. (18).

Fig. 5. Grain size dependence of the normalized effective elastic modulus for a nanopolycrystal
predicted through the strain gradient model by varying the internal length for the grain interior
(lg = 1, 5, 10, 20, 100, and 1000 nm) for fixed grain boundary internal length lgb =1 nm (solid
curves) and lgb = 0.5 nm (dashed curves).

Conclusions. By viewing a nanopolycrystal as a superposition of two interacting
phases (the grain interior and grain boundary phase), it is possible to derive size-dependent
expressions for elastic and plastic properties. First, a simple “rule of mixtures” argument is
employed to obtain the variation of strength, activation volume and pressure sensitivity
parameter on the grain size and the critical size where a transition from the conventional
Hall–Petch to and inverse Hall–Petch type behavior is determined. Then, a more elaborate
“theory of mixtures” leading to a strain gradient model employed and a typical boundary
value problem is solved for a unit cell involving a grain boundary of finite width
surrounded by two nanograins. This results to an analytical expression for the overall
“effective” elastic modulus which also depends on the grain size, but also as a function of
the internal length entering the strain gradient model. The theoretical predictions for all
aforementioned nanoscale material properties compare well with available experimental
data.
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äî òèñêó ó âèïàäêó äîñÿãíåííÿ íàíîìàñøòàáíèõ ðîçì³ð³â çåðíà ³íòåðïðåòóºòüñÿ íà
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ä³ëÿíêè çåðíà òà éîãî ãðàíèöÿ ðîçãëÿäàþòüñÿ ÿê äâ³ íåçàëåæí³ “ôàçè” ç ð³çíèìè ìåõàí³÷íèìè âëàñòèâîñòÿìè. Ìîäèô³êàö³ÿ ïðîñòîãî ïðàâèëà ñóì³ø³ øëÿõîì âêëþ÷åííÿ ó
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äîçâîëÿº ³íòåðïðåòóâàòè çàëåæí³ñòü çàãàëüíîãî ìîäóëÿ ïðóæíîñò³ â³ä ðîçì³ðó çåðíà.
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