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Èññëåäóåòñÿ õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ óïðóãîãî ïîëÿ íàïðÿæåíèé ó âåðøèíû íàäðåçà íà ñòûêå äâóõ ìàòåðèàëîâ. Óñòàíîâëåíî, ÷òî ðàçðóøåíèå ïðîèñõîäèò â óãëîâûõ òî÷êàõ èõ
ñòûêà èç-çà âîçíèêíîâåíèÿ ñèíãóëÿðíûõ íàïðÿæåíèé âñëåäñòâèå ðàçðûâà ñïëîøíîñòè ìàòåðèàëà è îñîáåííîñòåé ãåîìåòðè÷åñêîé êîíôèãóðàöèè. Â ïîëå óïðóãèõ íàïðÿæåíèé ó âåðøèíû
íàäðåçà íà ñòûêå äâóõ ìàòåðèàëîâ ïîðÿäîê òàêîé ñèíãóëÿðíîñòè îïðåäåëÿþò ñîáñòâåííûå
çíà÷åíèÿ ôóíêöèè íàïðÿæåíèé Ýðè. Âûïîëíåí àíàëèç ñèíãóëÿðíûõ ñîáñòâåííûõ çíà÷åíèé è
ìàëîèçó÷åííîãî ïåðâîãî íåñèíãóëÿðíîãî ñîáñòâåííîãî çíà÷åíèÿ. Ðàññìîòðåíû ðàçëè÷íûå êîìáèíàöèè ìàòåðèàëîâ è ãåîìåòðè÷åñêèõ êîíôèãóðàöèé äëÿ äâóõ íàèáîëåå èñïîëüçóåìûõ òðàåêòîðèé íà äèàãðàììå Áîãè (b = 0, b = a/4) è äåòàëüíî ïðîàíàëèçèðîâàíû ïîëó÷åííûå ðåçóëüòàòû. Ïîêàçàíî, ÷òî ãåîìåòðè÷åñêèå êîíôèãóðàöèè è êîìáèíàöèè ìàòåðèàëîâ ó âåðøèíû
íàäðåçà ñóùåñòâåííî âëèÿþò íà ñèíãóëÿðíîñòü íàïðÿæåíèé âáëèçè óãëîâûõ òî÷åê íàäðåçà.
Îáëàñòè ñ âûñîêîé ñèíãóëÿðíîñòüþ íàïðÿæåíèé áûëè âûäåëåíû ìåæäó ëèíèÿìè b = 0 è
b = a/4 íà äèàãðàììå Áîãè è ïðîàíàëèçèðîâàíû êàê äëÿ ïåðâîãî, òàê è âòîðîãî ñèíãóëÿðíîãî
ñîáñòâåííîãî çíà÷åíèÿ.

Êëþ÷åâûå ñëîâà: íàäðåç íà ñòûêå äâóõ ìàòåðèàëîâ, ñèíãóëÿðíûå ñîáñòâåííûå çíà÷åíèÿ, ïåðâîå íåñèíãóëÿðíîå ñîáñòâåííîå çíà÷åíèå, õàðàêòåðèñòè÷åñêîå óðàâíåíèå, ïîëå óïðóãèõ íàïðÿæåíèé.
Introduction. Today, bonded joints are used in manufacturing of many
modern structures such as micromechanical devices, adhesively bonded joints and
composite materials [1–6]. In structures containing these bonds, combination of
materials and geometrical configuration are a critical source of stress singularity,
and failure usually occurs at these corners.
In order to study the fracture mechanism of these bonds, a sufficient knowledge
on the variation of eigenvalues extracted from characteristic equation of the elastic
stress field is definitely one of the most important steps. These eigenvalues
determine the order of singularity near the bimaterial notch tip. The characteristic
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equation for a bimaterial notch has extensively been studied by many researchers
in different applicable geometrical and material configurations [7–14]. In this field,
Bogy [8, 9] and Hein and Erdogan [7] have formulated the stress and displacement
fields of bimaterial corners and determined the order of stress singularity for
different combinations of materials and corner angles. They indicated that both
geometrical description and the elastic properties of the materials could strongly
influence the state of singularity at the interface corners.
Despite the interest in research on the characteristic equation of bimaterial
notch problem, the emphasis was put only on singular eigenvalues, while higher
order eigenvalues have not been thoroughly studied. On the other hand, the recent
investigations indicated that the higher order terms can significantly affect distribution
of stress field adjacent a homogeneous and bimaterial notch tip [15–20]. Among
these higher order terms, the first non-singular stress terms which are called
V-stress in homogeneous notches and I-stress in bimaterial notches are the most
effective terms, whereas disregard of these terms may result in a significant error in
estimating the stress distribution near the corner [16, 20].
In this paper, a comprehensive study is done on characteristic equation of
elastic stress field of bimaterial notches. In addition to singular eigenvalues, the
eigenvalue associated with I-stress term is studied as well. The study is done on
different combinations of materials and geometrical configuration. The combinations
of materials were selected for two of the most applicable lines of the Body
diagram, b = a 4 and b= 0, for different values of a. The results indicate that
both geometrical configuration and material combination significantly affect the
order of singularity and the value of first non-singular eigenvalue. Finally, the area
with high stress singularity between these two lines was determined and discussed.
1. Characteristic Equation of Elastic Stress Field near a Bimaterial Notch
Tip. The asymptotic free-edge stress and displacement fields near a bimaterial
notch tip can be obtained using Airy’s stress function approach. Using this method,
it can be indicated that the stresses and displacements near a bimaterial notch tip,
shown in Fig. 1, subjected to a remote mechanical load can be represented as
N

sm
ij

m
= å H k r lk -1 f ijk
,
k =1
N

(1)

u im = å H k r lk g ikm ,
k =1

where ( i, j ) º ( r , q ) are the polar coordinates located at the bimaterial notch tip,
m=1, 2 represents the material number, and l k corresponds to the kth eigenvalue.
Also in Eq. (1), f ijk and g ik are known functions of elastic properties of the
materials, eigenvalues l k , the local geometry characterized by the angles q 1 and
q 2 , and the polar coordinate q. The eigenvalues of a bimaterial problem are
obtained by solving numerically the characteristic equation and they depend not
only on the corner geometry characterized by q 1 and q 2 but also on the elastic
properties of each material.
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Fig. 1. General configuration of a bimaterial notch.

Due to the presence of stress term containing expression r lk -1 , it is clear that
the real eigenvalues in the range of 0 £ l k £ 1 result in a stress singularity. The
term | l k -1| which represents the intensity of the singularity near the interface
corner is referred to as the order of singularity and it increases when l k approaches
zero. There are one or two eigenvalues in the range of 0 £ l k £ 1, depending on the
combination of materials and geometrical configuration. There are also different
numbers of higher order eigenvalues l k ³1 representing non-singular terms of
stress field near the interface corner.
The eigenvalues l k can be extracted by solving the characteristic equation
for the values of l:
F = e 2 + b 2 - c 2 - d 2 = 0,
(2)
where
e = ( a - b ){cos(2 lq 1 ) - cos(2 lq 1 - 2 lq 2 ) + l2 [cos(2q 1 ) - cos(2q 1 + 2q 2 ) -1+ cos(2q 2 )]}+ (1+ a)[1- cos(2 lq 1 )]- (1- b )[1- cos(2 lq 2 )],

(3a)

b = ( a - b ){sin(2 lq 1 ) - sin(2 lq 1 - 2 lq 2 ) - l2 [sin(2q 1 ) - sin(2q 1 + 2q 2 ) +
+ sin(2q 2 )]}- (1+ a)sin(2 lq 1 ) - (1- b )sin(2 lq 2 ),

(3b)

c = l{( a - b )[cos(2 lq 1 ) - cos(2 lq 1 + 2q 2 ) + cos(2 lq 2 ) - cos(2 lq 2 - 2q 1 ) -1+ cos(2q 1 )]+ (1+ a)[1- cos(2q 1 )]- (1- b )[1- cos(2q 2 )]},

(3c)

d = l{( a - b )[sin(2q 1 ) + sin(2 lq 2 - 2q 1 ) - sin(2q 1 ) + sin(2q 1 + 2q 2 )- sin(2 lq 2 )]- (1+ a)sin(2q 1 ) - (1- b )sin(2q 2 )}.
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The parameters a and b, called Dundurs’ elastic mismatch parameters, are
defined as
a=

m 1 ( k 2 + 1) - m 2 ( k 1 + 1)
,
m 1 ( k 2 + 1) + m 2 ( k 1 + 1)

b=

m 1 (k 2 - 1)- m 2 ( k 1 - 1)
m 1 (k 2 + 1)+ m 2 ( k 1 + 1)

.

(4)

In this equation, E m , n m , and m m = E m [2(1+ n m )] are the Young modulus,
Poisson’s ratio and shear modulus associated with the material m (m=1, 2),
respectively. The parameter k m is equal to 3 - 4n m for the plane strain and
(3 - n m ) (1+ n m ) for the plane stress conditions. It can be seen when m 1 m 2 ®¥
or m 1 m 2 ® 0, the parameter a approaches 1 or -1, respectively. On the other
hand, by considering the restriction of 0 < n m <1 2 and assuming the plane strain
conditions, the parameter b varies only between ( a+1) 4 and ( a-1) 4 in terms
of parameter a. For the plane strain condition, all the values of mismatch
parameters a and b are contained within a parallelogram enclosed between
a=±1 and a - 4 b =±1 in the a - b plane. The point a = b = 0 represents the
condition associated with a homogeneous notch with identical materials. It is also
noteworthy that the sign of a depends on the relative stiffness of materials 1 and 2.
The mismatch parameter a is positive when material 2 is more compliant
than material 1, and negative when material 2 is stiffer than material 1. In this
paper, the material 1 is considered to be stiffer than material 2, and thus the
combinations of material can be selected from the first and fourth quadrants of
a - b plane. On the other hand, Fig. 2 illustrates the values of mismatch parameters
for some mostly-used combinations of material [16]. It can be seen that for a wide
range of the bimaterial joints, the mismatch parameters are concentrated along and
between lines b = a 4 and b= 0 in the a - b space, with more data points near
b = a 4. Therefore, in the current paper the lines b = a 4 and b= 0 are considered
for study of the characteristic equation.

Fig. 2. Values of elastic mismatch parameters a and b in plane strain condition for selected
combination of materials [16].
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It should be noted that the angles q 1 and q 2 are assumed to be equal in this
paper giving q 1 = q 2 = p - ( g 2). Therefore, by considering different values of a
in the range of 0 £ a < 1 and q 1 = q 2 = p - ( g 2), the eigenvalues corresponding
to both singular and first non-singular terms can be calculated by solving Eq. (2)
numerically.
It is also noteworthy that the first singular eigenvalue represents the mode I
(opening mode) and the second singular one is associated with the mode II (sliding
mode) of the edge motion after applying the external load [3, 15].
2. Results and Discussions.
2.1. Singular Eigenvalues. In this section, singular eigenvalues are studied as
a function of opening angle g and mismatch parameters a and b.
2.1.1. First Singular Eigenvalue. Figures 3 and 4 indicate the variation of the
first singular eigenvalue corresponding to the mode I versus opening angle g,
across two lines b= 0 and b = a 4. It can be seen that, in case of b= 0, the first
singular eigenvalue increases with increasing opening angle g and decreases with
increasing mismatch parameter a for a constant value of g. It also can be seen that
for all opening angles and mismatch parameter a, the first singular eigenvalue is a
real value.

Fig. 3. Variation of first singular eigenvalue versus opening angle g for b = 0.

In case of b = a 4, the first singular eigenvalue has the imaginary part, as
well as the real part when the opening angle is small. With increasing opening
angle the imaginary part disappears, while the real part decreases with increasing
opening angle. It should be noted that only real part is plotted in Fig. 4 as a
function of opening angle. It is seen that the real part attains its maximum value at
the point, where the imaginary part disappears. It also can be seen that the first
singular eigenvalue increases with increasing a for a constant opening angle.
It should be mentioned that only real parts of the eigenvalues (singular and
nonsingular) are studied in this paper. In fact, only real parts of the eigenvalues
directly affect stress distribution near homogeneous and bimaterial notches. This is
ISSN 0556-171X. Ïðîáëåìû ïðî÷íîñòè, 2013, ¹ 5
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Fig. 4. Variation of real part of the first singular eigenvalue versus opening angle g for b = a 4.

because the complex eigenvalues of the notch problem (homogeneous or bimaterial)
are conjugate and their effects counteract each other finally [15, 19].
2.1.2. Second Singular Eigenvalue. In Figs. 5 and 6, the variation of the
second singular eigenvalue (associated with sliding mode) is illustrated as a
function of opening angle g, for b= 0 and b = a 4. It can be seen that for b= 0,
the second singular eigenvalue is always a real value and increases with increasing
g having a higher slope than the first singular eigenvalue (see Fig. 3). Also,
second singular eigenvalue increases by increasing a for a constant value of g.
For b = a 4, the second singular eigenvalue is a complex value which changes into
a real value with increasing opening angle g. In fact, for b = a 4 the second
singular eigenvalue is the conjugate value of the first singular eigenvalue in small
values of g. It also can be seen that for both b= 0 and b = a 4, the real part of the
second eigenvalue is increased with increasing opening angle g.

Fig. 5. Variation of second singular eigenvalue versus opening angle g for b = 0.
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Fig. 6. Variation of real part of the second singular eigenvalue versus opening angle g for b = a 4.

2.2. First Non-Singular Eigenvalues. As it was mentioned in the introduction,
recent studies on the homogeneous and bimaterial notched specimens indicate that
the first non-singular stress term can significantly influence on the stress distribution
near the notch tip .Therefore, study of variation of the first non-singular eigenvalue
as a function of opening angle and mismatch parameters is necessary. This section
focuses on variation of this eigenvalue versus geometry and mismatch parameters
in a wide range of opening angles and applicable combinations of materials.
Figures 7 and 8 show variation of the first non-singular eigenvalue as a
function of g for b= 0, 0 < a < 1 and b = a 4, 0 < a < 1. It can be seen that for
both cases, the eigenvalue is a real value at first and changes into a complex value
by increasing the opening angle g. In fact, by increasing the value of the opening
angle, the first nonsingular eigenvalue chaotically changes from a real value to a
complex value but the first transition does not occur at angles less than 44.9°.

Fig. 7. Variation of real part of the first non-singular eigenvalue versus opening angle g for b = 0.
ISSN 0556-171X. Ïðîáëåìû ïðî÷íîñòè, 2013, ¹ 5

125

H. Arabi, M. M. Mirsayar, A. T. Samaei, and M. Darandeh

Fig. 8. Variation of real part of the first non-singular eigenvalue versus opening angle g for b = a 4.

The opening angle corresponding to the first transition from real to complex
value which is called critical opening angle, g cr , is around 44.9° for homogeneous
notches and varies in bimaterial notches for different values of a. In Fig. 9, the
critical opening angle g cr is plotted as a function of mismatch parameter a. It is
seen that at a= 0 (associated with the homogeneous notches), the critical opening
angle g cr is 44.9° and this value increases with increasing a. It also can be seen
that for b = a 4, value of g cr increases with a higher slope than that for b= 0.

Fig. 9. Variation of critical opening angle for the first non-singular eigenvalue.

2.3. Areas with Higher Order of Singularity. As it was mentioned in Section 1,
the term | l k -1| is referred to as order of singularity, and it increases when l k
approaches zero. In this section, the areas with higher order of singularity in the
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Bogy diagram are determined for singular eigenvalues. The results plotted in Figs.
3–6 illustrated the variation of singular eigenvalues as a function of corner
geometry and combination of materials.
In order to determine the high order of singularity areas, the range
0.5< l < 0.55 for the first singular eigenvalue (eigenvalue of mode I) and
0.5< l < 0.7 for the second singular eigenvalue (eigenvalue of mode II) are
considered. Figure 10 indicates a limited area in the Bogy diagram between two
lines b= 0 and b = a 4 representing the first singular eigenvalue in the range of
0.5 < l < 0.55 and 0 < g < 90°. It is seen that for a> 0.6 the first singular
eigenvalue may fall outside the selected range.

Fig. 10. Area with higher order of singularity for the first singular eigenvalue in the range of
0.5 < l < 0.55 and 0 < g < 90° limited by b = 0 and b = a 4.

Fig. 11. Area with high order of singularity for the second singular eigenvalue in the range of
0. 5 < l < 0. 7 limited by the maximum opening angles.

Figure 11 shows the area in the Bogy diagram corresponding to the range of
0.5 < l < 0. 7 for the second singular eigenvalue. It is seen that in this case, the
restriction is on the opening angle g. Therefore, the second singular eigenvalue is
in the range of 0.5 < l < 0. 7 for all values of mismatch parameters by considering
the restriction in g as shown in the corners of the shown area. For higher opening
angle, the second singular eigenvalue falls outside the above-mentioned range.
It is clear from Figs. 10 and 11 that for first singular eigenvalue the order of
singularity is sensitive of mismatch parameter a , while the second singular
eigenvalue is sensitive to the opening angle g.
ISSN 0556-171X. Ïðîáëåìû ïðî÷íîñòè, 2013, ¹ 5
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Conclusions. The characteristic equation of elastic stress field near a bimaterial
notch tip was studied. The analysis was done on the most applicable combination
of materials and geometrical configurations in the Bogy diagram between lines
b= 0 and b = a 4. In addition to singular eigenvalues, the first nonsingular
eigenvalue was also studied. For different combination of materials and geometrical
configuration, singular and first nonsingular eigenvalues were comprehensively
studied. Finally, the areas between lines b= 0 and b = a 4 with more singularity
were determined. It was shown that the first singular eigenvalue is sensitive of
mismatch parameter a , while the second singular eigenvalue is sensitive to the
opening angle g. It also was shown that, in the case of b= 0, both the first and
second singular eigenvalues are increased with increasing opening angle for the
same combination of materials. However, the first singular eigenvalue decreases
and the second singular eigenvalue increases with increasing a at the constant
value of the opening angle. The results presented in this paper can be used for
estimating the order of singularity as a function of combination of materials and
corner geometry in the most applicable bonded joints.
Ðåçþìå
Äîñë³äæóºòüñÿ õàðàêòåðèñòè÷íå ð³âíÿííÿ äëÿ ïðóæíîãî ïîëÿ íàïðóæåíü ó
â³ñòð³ íàäð³çó íà ñòèêó äâîõ ìàòåð³àë³â. Óñòàíîâëåíî, ùî ðóéíóâàííÿ â³äáóâàºòüñÿ â êóòîâèõ òî÷êàõ ¿õ ñòèêó ÷åðåç âèíèêíåííÿ ñèíãóëÿðíèõ íàïðóæåíü
âíàñë³äîê ðîçðèâó ñóö³ëüíîñò³ ìàòåð³àëó é îñîáëèâîñòåé ãåîìåòðè÷íî¿ êîíô³ãóðàö³¿. Ó ïîë³ ïðóæíèõ íàïðóæåíü ó â³ñòð³ íàäð³çó íà ñòèêó äâîõ ìàòåð³àë³â ïîðÿäîê òàêî¿ ñèíãóëÿðíîñò³ âèçíà÷àþòü âëàñí³ çíà÷åííÿ ôóíêö³¿ íàïðóæåíü Åð³. Ïðîàíàë³çîâàíî ñèíãóëÿðí³ âëàñí³ çíà÷åííÿ ³ ìàëîâèâ÷åíå ïåðøå
íåñèíãóëÿðíå âëàñíå çíà÷åííÿ. Ðîçãëÿíóòî ð³çí³ êîìá³íàö³¿ ìàòåð³àë³â ³ ãåîìåòðè÷íèõ êîíô³ãóðàö³é äëÿ äâîõ íàéá³ëüø âèêîðèñòîâóâàíèõ òðàºêòîð³é íà
ä³àãðàì³ Áîã³ (b= 0, b = a 4) òà äåòàëüíî ïðîàíàë³çîâàíî îòðèìàí³ ðåçóëüòàòè. Ïîêàçàíî, ùî ãåîìåòðè÷í³ êîíô³ãóðàö³¿ ³ êîìá³íàö³¿ ìàòåð³àë³â ó â³ñòð³
íàäð³çó ñóòòºâî âïëèâàþòü íà ñèíãóëÿðí³ñòü íàïðóæåíü ïîáëèçó êóòîâèõ
òî÷îê íàäð³çó. Îáëàñò³ ç âèñîêîþ ñèíãóëÿðí³ñòþ íàïðóæåíü âèä³ëåíî ì³æ
ë³í³ÿìè b= 0 ³ b = a 4 íà ä³àãðàì³ Áîã³ ³ ïðîàíàë³çîâàíî ÿê äëÿ ïåðøîãî, òàê
³ äðóãîãî ñèíãóëÿðíîãî âëàñíîãî çíà÷åííÿ.
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