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Â ðàìêàõ òåîðèè áåñêîíå÷íî ìàëûõ äåôîðìàöèé ïðåäëîæåí íîâûé ïîäõîä ê òåîðåòè÷åñêîìó
ïîñòðîåíèþ íà÷àëüíîé è ïîñëåäóþùåé ïîâåðõíîñòåé íàãðóæåíèÿ äëÿ íåêîòîðîãî êëàññà
ïðîñòûõ ïî Íîëëó íà÷àëüíî òâåðäûõ óïðî÷íÿþùèõñÿ óïðóãîïëàñòè÷åñêèõ ìàòåðèàëîâ äèôôåðåíöèàëüíîãî òèïà ñëîæíîñòè 1. Ïðè ýòîì ïîâåðõíîñòè íàãðóæåíèÿ ñòðîÿòñÿ áåç ïðèíÿòèÿ
êàêèõ-ëèáî äîïîëíèòåëüíûõ ïðåäïîëîæåíèé, äëÿ âñåãî ðàññìîòðåííîãî êëàññà ìàòåðèàëîâ
íà÷àëüíàÿ ïîâåðõíîñòü èìååò ôîðìó Ãóáåðà–Ìèçåñà, à ïîñëåäóþùèå ïîâåðõíîñòè â îáùåì
ñëó÷àå ïîäâåðãàþòñÿ ðàñøèðåíèþ, ñìåùåíèþ è èçìåíåíèþ ôîðìû. Â ÷àñòíûõ ñëó÷àÿõ óðàâíåíèå ïîñëåäóþùåé ïîâåðõíîñòè íàãðóæåíèÿ ñîâïàäàåò ñ óðàâíåíèÿìè èçâåñòíûõ òåîðèé ïëàñòè÷íîñòè ñ èçîòðîïíî-êèíåìàòè÷åñêèì è êèíåìàòè÷åñêèì óïðî÷íåíèåì. Óñòàíîâëåíî, ÷òî
äëÿ íà÷àëüíûõ ïîâåðõíîñòåé íàãðóæåíèÿ è ðåãóëÿðíûõ òî÷åê ïîñëåäóþùèõ ïîâåðõíîñòåé
íàãðóæåíèÿ âûïîëíÿåòñÿ àññîöèèðîâàííûé çàêîí òå÷åíèÿ. Ïðè ïðèíÿòûõ îïðåäåëåíèÿõ àêòèâíîãî íàãðóæåíèÿ, ðàçãðóçêè è íåéòðàëüíîãî íàãðóæåíèÿ äëÿ íà÷àëüíîé è ãëàäêèõ âûïóêëûõ
ïîñëåäóþùèõ ïîâåðõíîñòåé íàãðóæåíèÿ âûïîëíÿåòñÿ ïîñòóëàò Äðóêêåðà. Îáîñíîâàíî ïðîâåäåíèå îïûòîâ, íåîáõîäèìûõ äëÿ êîíêðåòèçàöèè ïîëó÷åííûõ çàâèñèìîñòåé.

Êëþ÷åâûå ñëîâà: ïðîñòîé ïî Íîëëó óïðî÷íÿþùèéñÿ óïðóãîïëàñòè÷åñêèé
ìàòåðèàë äèôôåðåíöèàëüíîãî òèïà ñëîæíîñòè 1, áåñêîíå÷íî ìàëûå äåôîðìàöèè, èçîòðîïèÿ, ïîâåðõíîñòü íàãðóæåíèÿ.
In our earlier studies [1, 2], using rational continuum mechanics approaches, a
mathematical theory was developed for a strict construction and specialization of
constitutive equations for simple (in Noll’s sense) isotropic strain-hardening
elastoplastic materials of the differential type of complexity n as the most
important representatives of the materials with the infinitesimal memory of the
path shape (the path shape memory on an arbitrarily small interval of the “past”).
The strains were assumed to be finite. The hierarchy of the constitutive relations
was constructed according to the level of complexity of the material response to
deformation.
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In papers [1, 3], the method for specialization of the previously constructed
physical equations [1, 2] is developed within the theory of infinitesimal strains.
With this method, a number of constitutive relations are derived. For n =1, the
conditions for the existence of a loading surface are established.
In [3], a number of assumptions are made for the specialization of constitutive
relations.
Assumption 1. We assume that in the construction of the constitutive relations
for simple, in Noll’s sense, isotropic strain-hardening elastoplastic bodies of the
differential type of a different complexity, a specific character of the tensor space
structure related to the tensor product can be neglected.
Assumption 2. We assume that under the elastoplastic deformation, the stress
deviator is independent of the first invariants and the mean stress is independent of
the deviatoric components of the kinematic infinitesimal strain tensors.
Assumption 3. We assume that the prehistory of variation of elastic
components of the strain tensor does not influence the stresses in the elastoplastic
material.
By the prehistory of variation of elastic components of the strain tensor one
should mean the whole history of variation of the elastic component of the strain
tensor except for its value at the end of the deformation process.
Assumptions 1 and 2 impose constraints on the material properties and, as
noted in [3], they are verified experimentally for a number of materials.
For strain-hardening elastoplastic materials of the differential type of
complexity 1, which obey assumptions 1–3, a constitutive relation is constructed
that is valid for the general case of active deformation and has the following form
[3]:
p
s = h 2 e + h 3 e$1 ,
(1)
where h 2 and h 3 depend on invariants
tr ( e ) 2 ,

p
tr ( ee$1 ),

(2)

p
s, e, and e$1 = de p dx p are the stress, total strain, and plastic strain rate deviators,

respectively, e p is the plastic strain deviator, and x p is the arc length of the path
of the plastic strain deviator.
According to [3], equation (1) is a parametric representation of the loading
surface equation. To analyze in greater detail the loading surface properties (such
as closure, convexity, smoothness, the associated flow rule observance or violation,
etc.), the specialization of functions h 2 and h 3 – to a greater or lesser extent – is
required.
The purpose of this work is to develop an approach to the construction of the
initial and subsequent loading surfaces based on Eq. (1) without specializing
functions h 2 and h 3 .
As shown by the analysis, it follows from the general properties of the
initially solid strain-hardening elastoplastic material (hereinafter referred to as the
strain-hardening elastoplastic material) [4] that the path (history of variation) of the
166

ISSN 0556-171X. Ïðîáëåìû ïðî÷íîñòè, 2010, ¹ 5

Theoretical Construction of Initial and Subsequent Yield Surfaces ...

plastic strain during active deformation fully determines the stresses at the end of
the deformation process. Based on the aforementioned, a conclusion can be made
that assumption 3 stems from the general properties of strain-hardening elastoplastic
materials and can be reformulated as follows: in setting the history of variation of
plastic strains, the prehistory of variation of elastic components of the strain tensor
can be neglected in determining the stresses in the strain-hardening elastoplastic
material. Moreover, in constructing constitutive relations for such materials we can
admit that, in case of setting the history of variation of plastic strains, the history of
variation of elastic components of the strain tensor can be neglected in determining
the stresses in the strain-hardening elastoplastic material.
If the last corollary that proceeds from the general properties of the strainhardening elastoplastic materials considered proves to be valid, Eq. (1) takes the
form:
p
p p
s = h$ 2 e p + h$ 3 e$1 ,
(3)
p
p
where coefficients h$ 2 and h$ 3 are certain functions of invariants
p

tr ( e p e$1 ).

tr ( e p ) 2 ,

(4)

As follows from [3], Eq. (3) can be written in the vector space. In this case,
the stress, plastic strain and plastic strain rate deviators can be substituted by
relevant vectors.
Let us write the vector representation of Eq. (3) in the Il’yushin space [5]
r rpr
rprp
s = h 2 E p + h 3 E1 ,

(5)

rp
r
r r
where s, E p , and E1 = dE p dx p are the stress, plastic strain, and plastic strain
rp
rp
rate vectors, respectively, h 2 and h 3 , in view of (4), depend on the modulus of
the plastic strain vector and the angle between the plastic strain vector and the
plastic strain “rate” vector. At every point of the active deformation path, coefficients
rp
rp
p
p
h$ 2 and h$ 3 correspond to coefficients h 2 and h 3 , respectively.
At the beginning of the active deformation process, the plastic strain is equal
to zero. In this case, Eq. (3) takes the form
p

p

s = h$ 30 e$1 ,

(6)

p
where, in view of (4), h$ 30 is the positive quantity that does not depend on the type
of the stress (strain) state.
Taking into account the fact that the stress deviator in the active process of
uniaxial tension at the beginning of plastic deformation equals to sT 0 , where sT 0
is the stress deviator at the yield point under uniaxial tension, equation (6) can be
rewritten as
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p

p

s = h$ 30 e$1 = sT 0 .

(7)

Let us bring Eq. (7) to the invariant form. To do so, let us square it, take the
trace of the obtained equation, multiply all its members by 3/2 for convenience,
and write it in the coordinate form as follows:
3
3 p
3
s ij s ij = ( h$ 30 ) 2 = s ij s ij = s T2 0 ,
2
2
2 T0 T0

(8)

where s T 0 is the initial yield strength under uniaxial tension. In writing Eq. (8),
p
we took into account the fact that e$1 is a normalized deviator.
Relation (8) corresponds to the equation of the initial loading surface, which
can be represented as
3
f in ( s ij ) = s ij s ij - s T2 0 = s 2i - s T2 0 = 0,
2

(9)

where s ij and s i = (3 2)s ij s ij are the Cauchy stress tensor and the stress
intensity, respectively.
Under assumptions adopted in the construction of Eq. (9), the initial loading
surface in the three-dimensional space of principal stresses represents a circular
cylinder (the Huber–Mises cylinder) – a regular (smooth), continuous, convex
surface with the radius equal to 2 3 s T 0 .
Given the validity of Eq. (9), we can show [6] that
¶f in ¶f in
=
= 3s ij ,
¶s ij ¶s ij

and

¶f in
¶f in
ds .
ds ij =
¶s ij ij
¶s ij

(10)

Based on Eqs. (6), (8), and (9), we write in the coordinate form
p

de ij =

3 dx p
s .
2 s i ij

(11)

In view of (10), Eq. (11) expresses the flow rule associated to (9)
p

de ij = dl

¶f
¶f
3 dx p
= dl
=
s ,
¶s ij
¶s ij
2 s i ij

(12)

1 dx p
where, as follows from (12), dl =
> 0.
6 si
Using the concepts of the active loading, unloading and neutral loading [7]
and taking into account (10), we obtain for the initial loading surface (9) under
active loading, unloading and neutral loading, respectively [6]
168

ISSN 0556-171X. Ïðîáëåìû ïðî÷íîñòè, 2010, ¹ 5

Theoretical Construction of Initial and Subsequent Yield Surfaces ...

¶f in
ds > 0,
¶s ij ij

f in = 0, dl > 0,

(13)

¶f in
ds < 0,
¶s ij ij

f in = 0, dl = 0,

(14)

¶f in
ds = 0,
¶s ij ij

f in = 0, dl = 0.

(15)

Given the validity of Eqs. (12)–(15), the Drucker’s postulate is fulfilled for
the initial Huber–Mises loading surface.
In constructing subsequent loading surfaces when plastic strains are not equal
to zero, we go back to Eq. (3), whose coefficients depend on invariants (4), and
which has form (5) in the Il’yushin vector space.
Let us introduce the concept of the active stress deviator [8, 9], by which one
should mean the component of the stress deviator decomposition in the direction of
the line tangent to the plastic strain deviator path. Then we can write from Eq. (3)
p

p p

s a = s - h$ 2 e p = h$ 3 e$1 ,

(16)

where s a is the active stress deviator.
It follows from Eq. (16) that the direction tensors, strain mode angles and
p
Lode–Nadai parameters of the active stress deviator and e$1 in the arbitrary
active-deformation process, within the limits of validity of relation (3), coincide.
p
p
Since the e$1 deviator is normalized, then s a = h$ 3 .
By squaring (16), taking the trace of th obtained equation, multiplying its
right- and left-hand sides by 3/2 for convenience, we can write it in the coordinate
form
3 a a 3
3 p
p p
p p
s ij s ij = ( s ij - h$ 2 e ij )( s ij - h$ 2 e ij ) = ( h$ 3 ) 2 .
(17)
2
2
2
Equation (17) represents the equation of the subsequent loading surface,
which can be rewritten as follows:
3 p
3
3 p
f ( s ij ) = ( s ai ) 2 - ( h$ 3 ) 2 = s ija s ija - ( h$ 3 ) 2 = 0,
2
2
2

(18)

where s ai = (3 2)s ija s ija is the active stress intensity.
In the case of validity of Eq. (18), using the approach described in [6], we can
show that
¶f
¶f
p p
=
= 3( s ij - h 2 e ij ) = 3s ija ,
¶s ij ¶s ij
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¶f
¶f
ds ij =
ds .
¶s ij
¶s ij ij

(19)
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As follows from Eqs. (16)–(18) in the coordinate form,
p

de ij =

3 dx p a
s .
2 s ai ij

(20)

In view of (19), Eq. (20) expresses the flow rule associated to (18)
p

de ij = dl

¶f
¶f
3 dx p a
= dl
=
s ,
¶s ij
¶s ij
2 s ai ij

where, as follows from (21), dl =

(21)

1 dx p

> 0.
6 s ai
Using the concepts of the active loading, unloading and neutral loading for
regular points of the loading surface, we derive that for the active loading,
unloading and neutral loading the following equations are true, respectively
¶f
ds > 0,
¶s ij ij

f = 0, dl > 0,

(22)

¶f
ds < 0,
¶s ij ij

f = 0, dl = 0,

(23)

¶f
ds = 0,
¶s ij ij

f = 0, dl = 0.

(24)

Given the validity of Eqs. (21)–(24), the Drucker’s postulate is fulfilled for
regular points of the subsequent loading surface of convex shape.
Following the procedure described in [6], we can show that, for the initial and
subsequent loading surfaces represented by (9) and (21), the plastic change of
volume equals to zero, i.e., the material is plastically incompressible.
Let us point out that no other assumption was taken into account in the
construction of Eqs. (9) and (18) based on Eq. (1).
p p
p
We will call h$ 2 e ij and h$ 3 in (17) the evolution parameters of the subsequent
loading surface. In view of (4) and the vector representation of the deviatoric
p
p
space, h$ 2 and h$ 3 depend on the plastic strain deviator (vector) modulus, angle
between the plastic strain vector and the plastic strain “rate” vector. Equation (17)
allows modeling the translation, expansion and distortion of the subsequent loading
surface in the active deformation process. Here, the distortion of the subsequent
loading surface is described by the angle between the plastic strain vector and the
plastic strain rate vector. As we know from [6, 10], this kind of evolution of the
subsequent loading surface and the initial surface of the Huber–Mises type are
characteristic of a number of elastoplastic materials.
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Let us note that the plastic strain deviator modulus does not describe the effect
p
p
caused by the path shape of the plastic strain deviator on h$ 2 and h$ 3 in Eq. (17).
Therefore, these coefficients can be specified based on uniaxial tests with the
additional construction of subsequent loading surfaces for every plastic strain
deviator modulus within the studied plastic strain range in accordance with the
technique presented in [10], for instance.
Let us consider some special cases of Eq. (17).
1) We assume that for a certain class of materials considered here coefficient
p
h$ 2 does not depend on the angle between the plastic strain vector and the plastic
strain “rate” vector. At the same time, a distortion of the subsequent loading
p
surface can be described by the evolution parameter h$ 3 that depends on the above
angle.
p
p
2) We assume that h$ 2 and h$ 3 do not depend on the angle between the
plastic strain vector and the plastic strain “rate” vector. Then the equation of the
p
p
subsequent loading surface takes the Huber–Mises form, h$ 2 and h$ 3 are
determined by the plastic strain deviator modulus. In this case, the equation of the
subsequent loading surface can be specified based on uniaxial tests performed in
accordance with the technique presented in [6], which was offered for the
Kadashevich–Novozhilov theory of plasticity with isotropic-kinematic hardening
p p
[8]. In [11], the translation of the subsequent loading surface (h$ 2 e ij ) is modeled by
the dependence of the plastic strain deviator coefficient on the plastic strain
deviator modulus.
p
p
3) In special cases such as 3 2 h$ 3 = s T 0 = const and h$ 2 = c = const , Eq. (17)
corresponds to the equation of the subsequent loading surface from the Ishlinsky–
Prager theory [12, 13].
The equation of the initial loading surface for special classes of materials
considered here will not change.
The main distinction of the proposed approach from the well-known approaches
[6–9, 11–14, and others] is that the loading surface type is not postulated, as well
as the constitutive equation based on which it is constructed. The initial and
subsequent loading surfaces, as well as the expression for the plastic strain
increment deviator, are constructed strictly on the basis of the earlier obtained
constitutive relation that is valid for the active loading processes.
Within the theory of infinitesimal strains, a new approach is proposed for the
theoretical construction of the initial and subsequent loading surfaces for simple in
Noll’s sense initially solid strain-hardening materials of the differential type of
complexity 1. The loading surfaces are constructed without making additional
assumptions. For the whole class of materials considered, the initial surface has the
Huber–Mises form, the subsequent surface undergoes expansion, translation and
distortion in the general case. In special cases, the equation of the subsequent
loading surface corresponds to the equations of the well-known theories of
plasticity with the isotropic-kinematic and kinematic hardening. It is established
that the associated flow rule is fulfilled for the initial loading surfaces and regular
points of the subsequent loading surfaces. With the accepted definitions of the
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active loading, unloading and neutral loading, the Drucker postulate is fulfilled
for the initial surface and subsequent surfaces of smooth convex shape. The
experiments necessary for the concrete definition of the derived dependences are
verified.
Ðåçþìå
Ó ðàìêàõ òåîð³¿ ìàëèõ äåôîðìàö³é çàïðîïîíîâàíî íîâèé ï³äõ³ä äî òåîðåòè÷íî¿ ïîáóäîâè ïî÷àòêîâî¿ ³ íàñòóïíî¿ ïîâåðõîíü íàâàíòàæåííÿ äëÿ äåÿêîãî
êëàñó ïðîñòèõ çà Íîëëîì ïî÷àòêîâî òâåðäèõ çì³öíþâàíèõ ïðóæíî-ïëàñòè÷íèõ ìàòåð³àë³â äèôåðåíö³àëüíîãî òèïó ñêëàäíîñò³ 1. Ïðè öüîìó ïîâåðõí³
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